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Abstract
We consider Lie superalgebras under constraints of Hamiltonian reduction, yielding finite
W -superalgebras which provide candidates for quadratic spacetime superalgebras. These have
an undeformed bosonic symmetry algebra (even generators) graded by a fermionic sector (super-
symmetry generators) with anticommutator brackets which are quadratic in the even generators.
We analyze the reduction of several Lie superalgebras of type gl(M |N) or osp(M |2N) at the
classical (Poisson bracket) level, and also establish their quantum (Lie bracket) equivalents.
Purely bosonic extensions are also considered. As a special case we recover a recently identified
quadratic superconformal algebra, certain of whose unitary irreducible massless representations
(in four dimensions) are “zero-step” multiplets, with no attendant superpartners. Other cases
studied include a six dimensional quadratic superconformal algebra with vectorial odd genera-
tors, and a variant quadratic superalgebra with undeformed osp(1|2N) singleton supersymmetry,
and a triplet of spinorial supercharges.
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1 Introduction
The analysis of quadratic algebras as spectrum generating algebras for the solution of quan-
tum models [1], or as a basis of generalized symmetry principles for physical systems, has
led to a wide range of applications including special function theory [2] and super-integrable
systems [3, 4]. Indeed, extensions of Lie algebra theory underlying exactly solvable models in
mathematical physics, including Yangian andW -algebras, and related families of q-deformation,
have been found to provide a rich source of examples of quadratic algebras and associated su-
peralgebras. At the same time, substantial mathematical underpinnings have been developed
for the structure of general quadratic algebras [5].
In this work we wish to introduce certain classes of (finite) quadratic W -superalgebras by
Hamiltonian reduction from standard Lie superalgebras. The embeddings leading to the con-
straints are arranged in each case so as to leave undeformed, a Lie algebra or Lie superalge-
bra, together with conserved supercharges (supersymmetry) generators whose (anticommutator)
brackets close on combinations quadratic in the even, undeformed generators.
The motivation for this study is to provide constructions of finite W -superalgebras, which
may in appropriate real forms provide alternative models of ‘supersymmetry’ in nature. In par-
ticular, we analyze the reduction of several Lie superalgebras of type gl(M |N) or osp(M |2N) at
the classical (Poisson bracket) level, to finiteW -superalgebras, and also establish their quantum
(Lie bracket) equivalents. Purely bosonic extensions are also considered. As a special case we
recover by this method a recently identified quadratic conformal superalgebra (first obtained
from a first principles construction [6]), whose massless unitary irreducible representations (in
four dimensions) have been shown to admit ‘zero step’ multiplets, with no attendant super-
partners. Other cases include a six dimensional quadratic conformal superalgebra with so(6)
symmetry and vectorial supercharges, and a variant quadratic superalgebra with undeformed
osp(1|2N) singleton supersymmetry, with partners to the odd generators providing a triplet of
spinorial supercharges.
In section 2 below, we provide a brief resume´ of the method of Hamiltonian reduction of a
Poisson Lie (super) algebra, leading to second class constraints solvable by Dirac brackets at
the classical level, yielding (in the quadratic case, via suitable symmetrization) to a quadratic
superalgebra at the quantum level (references to the literature are given below). Section 3
implements this for the superalgebra gl(N |2) , recovering (for N = 4) the quadratic conformal
superalgebra [6] (as well as a purely bosonic equivalent based on gl(N+2)). The Casimir oper-
ators are also constructed for this case. Section 4 treats cases of reductions of orthosymplectic
superalgebras osp(M |2N), of type (M |2) and (3|2N), respectively. Conclusions and further
discussion are provided in section 5 .
2 Finite W -algebras and superalgebras.
In this section we recall the basic method for the derivation of finite W -algebras and super-
algebras via symplectic reduction (see [7–9] and also [10] for the theory of finite W -algebras and
applications). At the classical level, a finite-dimensional symmetry superalgebra comprises a Z2-
graded super Poisson-Lie algebra of operators A,B, · · · with grading [ · ] = 0 for even (bosonic)
and [ · ] = 1 for odd (fermionic) generators, and Poisson brackets that are graded antisymmetric
and obey the graded Jacobi identity:
{A , B} = −(−1)[A][B] {B , A}{
A , {B , C}
}
=
{
{A , B} , C
}
+ (−1)[A][B]
{
B , {A , C}
}
.
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In the presence of a system of second class constraints Φ , with generators {ϕa, a = 1, 2, ..}, a
consistent Poisson bracket structure is built through the Dirac brackets, as follows. One first
introduces the matrix ∆ of pairwise Poisson brackets of all constraint generators:
∆ab = {ϕa , ϕb} .
It is invertible because the constraints are second class, and we define its inverse ∆−1 with
entries ∆ab. Then the Dirac bracket is defined by
{A , B}∗ ≃ {A , B} −
∑
a,b
{A , ϕa}∆
ab {ϕb , B}
where the symbol ≃ means that one has to apply the constraints once all Poisson brackets on the
right hand side have been computed. The Dirac brackets are well-defined (graded antisymmetric,
and obeying the graded Jacobi identity), and being consistent with the constraints in that
{A , ϕ}∗ = 0 , for all operators A , and constraints ϕ ∈ Φ , effect a projection of the symplectic
manifold which is the phase space of the system, on to the lower dimensional constraint surface.
For the cases to be treated, the matrix elements ∆ab become scalars, and not operator
(field) dependent, and the constraints are generators, whose Poisson brackets are linear. Hence
the resultant W -algebra will have at most quadratic Dirac brackets. In this situation there
is a simple way to quantize them, using symmetrization. It amounts to replacing all Dirac
brackets by (anti-)commutators, and all products by their symmetrized version, for example
xy → 12 (xy + yx). Since the Jacobi identities are obeyed at the Poisson bracket level, the
symmetrization ensures that they will still be obeyed at the quantum level. A final step is that
the Casimirs of the W -algebra can be obtained via its embedding in the Lie (super)algebra,
with appropriate use of the constraints.
In the standard technique, finite W -algebras and superalgebras are constructed by analyz-
ing various embeddings of sl(2) in finite dimensional simple Lie algebras and superalgebras (for
example, principal embeddings, in the well-studied Wn cases). They have been first introduced
in a physics context, see e.g. [7, 9, 11] and [12] for the supersymmetric version, but then stud-
ied at the algebraic level by mathematicians, see for instance [8, 10, 13]. The images of the
sl(2) generators encapsulate the second class constraints wherein the diagonal Cartan genera-
tor is constrained to vanish, and the positive root vector set to unity, leaving a reduced set of
nonzero W generators with quadratic Poisson bracket algebra. (Supersymmetric variants in-
volving principal osp(1|2) embeddings have also been considered). For the cases to be examined
here, however, the sl(2) embeddings are rather regular, and simply involve the identification of
an appropriate isomorphic sl(2) subalgebra carrying the constraints, augmented by the consis-
tency requirement that certain of the odd generators should also be constrained to vanish. At
the same time, a subalgebra of the even generators retains its standard Poisson brackets, so that
the final quantum algebra generically becomes that of a Lie algebra graded by odd generators
with quadratic anticommutator brackets – and hence, in appopriate real forms, a candidate
‘quadratic spacetime superalgebra’ as described above.
3
3 Quadratic superalgebras from gl(N |2) reduction, and bosonic
counterparts.
3.1 The W (gl(N |2), gl(2)) superalgebras.
The Lie superalgebra has generators eab, 1 ≤ a, b ≤ N + 2, and the grading is defined by
[eab] = [a] + [b] with
{
[a] = 0 for 1 ≤ a ≤ N
[a] = 1 for a = N + 1, N + 2
.
The Poisson brackets are given by
{eab, ecd} = δbc ead − (−1)
([a]+[b])([c]+[d]) δad ecb . (3.1)
We construct the finite W -algebra associated to the constraints
ej,N+1 = 0
eN+2,j = 0
1 ≤ j ≤ N ;
eN+2,N+1 = 1 ;
eN+1,N+1 − eN+2,N+2 = 0 .
(3.2)
The W -algebra is defined as the vector space generated by the unconstrained generators, and
equipped with the Dirac brackets {·, ·}∗ associated to the above second class constraints.
For the case under consideration, the (2N+2) × (2N+2) matrix ∆ reads, using the order
ϕ1 = e1,N+1, ϕN+1 = eN+2,1, etc. (see (3.2)),
∆ =


ON IN oN oN
IN ON oN oN
(oN )
t (oN )
t 0 2
(oN )
t (oN )
t −2 0

 (3.3)
where ON (resp. IN ) is a zero (resp. identity) square matrix of size N and oN is a N -vector
filled with zeros. Then, it is a matter of calculation to get the Dirac brackets of the W -algebra.
For ease of reading, we introduce
eij = eij , 1 ≤ i, j ≤ N ;
u =
1
2
(eN+1,N+1 + eN+2,N+2) ; z = eN+1,N+2 ;
qi = ei,N+2 ; q¯i = eN+1,i ; 〈q¯q〉 =
N∑
i=1
q¯iqi ;
〈e〉 =
N∑
i=1
eii ; 〈e
2〉 =
N∑
i,j=1
eijeji .
(3.4)
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The Poisson brackets of the W -algebra read:
{eij , ekl}∗ = δkj eil − δil ekj ;
{eij , u}∗ = 0 ; {eij , z}∗ = 0 ; {u , z}∗ = 0 ;
{eij , qk}∗ = δkj qi ; {eij , q¯k}∗ = −δik q¯j ;
{u , qi}∗ = −
1
2
qi ; {u , q¯i}∗ =
1
2
q¯i ;
{z , qi}∗ = u qi +
N∑
k=1
eik qk ; {z , q¯i}∗ = −
(
u q¯i +
N∑
k=1
q¯keki
)
;
{qi , qj}∗ = 0 ; {q¯i , q¯j}∗ = 0
{qi , q¯j}∗ = δij
(
z− u2
)
− 2 u eij −
N∑
k=1
eikekj .
(3.5)
It is easy to see that
γ1 = u+
1
2
〈e〉 and γ2 = z+ u
2 −
1
2
〈e2〉 (3.6)
are central generators in the W -algebra. Using them to eliminate u and z, we get
{eij , ekl}∗ = δkj eil − δil ekj ;
{eij , qk}∗ = δkj qi ; {eij , q¯k}∗ = −δil q¯j ;
{qi , qj}∗ = 0 ; {q¯i , q¯j}∗ = 0 ;
(3.7)
{qi , q¯j}∗ = δij
(1
2
〈e2〉 −
1
2
〈e〉2 + c1〈e〉+ c2
)
−
(
c1 − 〈e〉
)
eij −
N∑
k=1
eikekj , (3.8)
where c1 = 2γ1 and c2 = γ2 − 2γ
2
1 are central generators.
In order to implement quantization, note that the two central elements γ1 and γ2 are already
symmetrized. We can thus work1 at the level of relations (3.7)-(3.8). The first two of these being
linear, they remain unchanged (except from the change from Poisson brackets to commutators
or anti-commutators). For the last one, one has to symmetrize the two products
〈e〉eij →
1
2
(
〈e〉eij + eij〈e〉
)
= 〈e〉eij ; (3.9)
N∑
k=1
eikekj →
1
2
( N∑
k=1
eikekj +
N∑
k=1
ekjeik
)
=
N∑
k=1
eikekj +
1
2
(
δij〈e〉 −N eij
)
, (3.10)
which leads to the anti-commutator
[qi , q¯j]+ = δij
(1
2
〈e2〉 −
1
2
〈e〉2 + (c1 −
1
2
)〈e〉 + c2
)
−
(
c1 −
N
2
− 〈e〉
)
eij −
N∑
k=1
eikekj . (3.11)
Together with the standard commutations of qi , q¯j and eij (see eqs (3.7)), this superalgebra is
precisely that of [6], denoted gl2(N/1)
α,c (see [6] equation (6)), which was obtained by a first
principles construction, and investigated as a potential quadratic spacetime supersymmetry
algebra (for further discussion see section 5 below). Explicitly, the correspondence is given by
Eij → −eji ; Q
i → qi ; Q¯
i → −q¯i ; α → −(c1 +
N
2
) ; c → c2 . (3.12)
1One can check easily that γ1 and γ2 are indeed central in the quantum/symmetrized version of the algebra (3.5).
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Note that theW -algebra framework indicates that the parameters α and c should be considered
as central generators, a fact that could be of importance in the study of the representations of
the superalgebra.
To extract the central elements for this W -superalgebra, one considers the (N+2)× (N+2)
Gel’fand matrix of reduced generators, derived from the original superalgebra with constraints
imposed,
E =


e11 · · · e1N 0 q1
...
...
...
...
eN1 · · · eNN 0 qN
q¯1 · · · q¯N u z
0 · · · 0 1 u

 . (3.13)
The Casimir operators γi , i = 0, 1, 2, · · · , are traces of appropriately graded matrix powers of
E (explicit expressions for gl(M |N) are given in [14])2. Note that since the W -algebra is not
linear, this result applies only to the classical version. Lower degree terms can occur in the
quantum version, see below. Direct calculation for the lowest degrees shows that γ1 and γ2, up
to a sign and a factor of 12 , have the expression given in (3.6) (with γ0 = 1). Their quantum
versions remain unchanged. At degrees 3 and 4 we find3
γ3 = 〈e
3〉 − 3〈q¯q〉+ 2u3 + 6uz ,
γ4 = 〈e
4〉 − 4〈q¯eq〉+ 8u〈q¯q〉 − 2z2 + 12zu2 − 2u4 ,
(3.14)
where again u and z may be rewritten in terms of γ1 and γ2 as above. As already stated, γ3
(resp. γ4) is the classical Casimir of degree 3 (resp. degree 4), i.e. it has vanishing Poisson
brackets with any element in the (classical version of the) W -superalgebra. There are quantum
corrections to these classical versions, and we get for the third and fourth Casimir of the quantum
W -superalgebra:
c3 = γ3 +
N − 6
2
z−
5(N − 2)
2
u2 − 5c1u−
(N − 1)(N − 2)
2
u ,
c4 = γ4 + (N − 6)〈q¯q〉+ 6(N − 2)u
3 + 2(N + 2)uz+ 4c1(z+ 2u
2) + (4c2 + 2c
2
1)u
+
N2 − 8
2
z−
(N − 2)(N + 6)
2
u2 − (3N + 4)c1u−
(N − 1)(N2 − 4)
2
u.
(3.15)
Expressions (3.15) were obtained by direct calculation, demanding that c3 and c4 are indeed
central in the superalgebra (3.11). We checked that the additional next-to-leading order terms in
c3 exactly correspond to the symmetrization of γ3. This is not enough to get the quantum version
of γ3, since we are considering expressions which are not quadratic anymore. The last term,
which is a next-to-next-to-leading order term, has to be found by brute calculation. Similarly,
the first line in the expression of c4 is obtained through symmetrization. When N = 4, which
corresponds to a quadratic superconformal algebra, we conjecture they are the only Casimir
operators of this algebra.
2A generating function for them is given by the expansion of the superdeterminant (Berezinian), Ber(E−x IN+2) ,
with IN+2 the identity matrix [15,16]. It is related to a supersymmetric version of the Capelli identity.
3We omit polynomials in c1 and c2, since they are already central at the quantum level.
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As above, one can eliminate u and z using c1 and c2. For instance, c3 can be rewritten as
c3 = 〈e
3〉 − 3〈q¯q〉 −
3
2
〈e2〉〈e〉 +
1
2
〈e〉3 +
6c1 +N − 6
4
〈e2〉 −
6c1 + 3N − 8
4
〈e〉2
+
6(N − 1)c1 − 12c2 + (N − 1)(N − 2)
4
〈e〉
+ 3c1c2 + c
3
1 +
N − 6
2
c2 −
N + 4
2
c21 −
(N − 1)(N − 2)
4
c1,
(3.16)
where the last line can be dropped out, since it is central on its own.
3.2 The W (gl(N + 2), gl(2)) algebras.
We can construct the ‘bosonic version’ of the finite W -algebra defined above. We start with
the gl(N+2) algebra, with Poisson brackets
{eij, ekl} = δkj eil − δil ekj (3.17)
and consider the constraints
ej,N+1 = 0
eN+2,j = 0
1 ≤ j ≤ N ;
eN+2,N+1 = 1 ;
eN+1,N+1 − eN+2,N+2 = 0 .
(3.18)
The (2N+2) × (2N+2) matrix ∆ reads, (using the order given in (3.18), viz. ϕ1 = e1,N+1,
ϕN+1 = eN+2,1, etc.,)
∆ =


ON IN oN oN
−IN ON oN oN
(oN )
t (oN )
t 0 2
(oN )
t (oN )
t −2 0

 (3.19)
where ON (resp. IN ) is a zero (resp. identity) square matrix of size N and oN is a N -vector
filled with zeros.
Again, we introduce
eij = eij , 1 ≤ i, j ≤ N ;
u =
1
2
(eN+1,N+1 + eN+2,N+2) ; z = eN+1,N+2 ;
pi = ei,N+2 ; p¯i = eN+1,i ;
〈e〉 =
N∑
i=1
eii ; 〈e
2〉 =
N∑
i,j=1
eijeji .
(3.20)
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The Poisson brackets of the W -algebra read:
{eij , ekl}∗ = δkj eil − δil ekj ;
{eij , u}∗ = 0 ; {eij , z}∗ = 0 ; {u , z}∗ = 0 ;
{eij , pk}∗ = δkj pi ; {eij , p¯k}∗ = −δil p¯j ;
{u , pi}∗ = −
1
2
pi ; {u , p¯i}∗ =
1
2
p¯i ;
{z , pi}∗ = u pi −
N∑
k=1
eik pk ; {z , p¯i}∗ = −
(
u p¯i −
N∑
k=1
p¯keki
)
{pi , pj}∗ = 0 ; {p¯i , p¯j}∗ = 0 ;
{pi , p¯j}∗ = δij
(
u2 − z
)
− 2 u eij +
N∑
k=1
eikekj .
(3.21)
It is easy to see that
γ1 = u+
1
2
〈e〉 and γ2 = z+ u
2 +
1
2
〈e2〉 (3.22)
are central generators in the W -algebra. Using them to eliminate u and z, we get
{eij , ekl}∗ = δkj eil − δil ekj ;
{eij , pk}∗ = δkj pi ; {eij , p¯k}∗ = −δil p¯j ;
{pi , pj}∗ = 0 ; {p¯i , p¯j}∗ = 0 ;
{pi , p¯j}∗ = δij
(1
2
〈e2〉+
1
2
〈e〉2 − c1〈e〉 − c2
)
−
(
c1 − 〈e〉
)
eij +
N∑
k=1
eikekj
(3.23)
where c1 = 2γ1 and c2 = γ2 − 2γ
2
1 are central generators.
Quantization of the quadratic W -algebra follows the same procedure as with the fermionic
counterpart above, leading to the commutator
[pi , p¯j] = δij
(1
2
〈e2〉+
1
2
〈e〉2 − (c1 −
1
2
)〈e〉 − c2
)
−
(
c1 +
N
2
− 〈e〉
)
eij +
N∑
k=1
eikekj .
The Casimir operators of this bosonic W -algebra can be extracted in the same way as
for the fermionic counterpart above, using now the traces of standard matrix powers of the
Gel’fand generators with constraints (or defining the appropriate generating function using the
determinant instead of the Berezinian). We have already defined the two first Casimir operators
c1 and c2. At degrees 3 and 4, we find for the classical Casimir operators
γ3 = 〈e
3〉+ 3〈p¯p〉+ 2u3 + 6uz
γ4 = 〈e
4〉+ 4〈p¯ep〉+ 8u〈p¯p〉+ 2z2 + 12zu2 + 2u4
(3.24)
and for their quantum analogs
c3 = γ3 −
N + 6
2
z+
5(N + 2)
2
u2 − 5c1 u−
(N + 2)(N + 1)
2
u ,
c4 = γ4 − (N + 6)〈q¯q〉+ 6(N + 2)u
3 + 2(N − 2)uz− 4c1(z+ 2u
2)− (4c2 + 2c
2
1)u
−
N2 − 8
2
z+
(N + 2)(N − 6)
2
u2 − (3N − 4)c1u−
(N − 1)(N2 − 4)
2
u.
(3.25)
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4 Quadratic superalgebras from osp(M |2N) reductions.
The procedure we have described so far in the context of gl(M |N) can be applied to other
superalgebras. In this section we examine orthosymplectic cases, leading to the construction of
quadratic superalgebras with so(N) or sp(2N) bosonic subalgebras.
The osp(M |2N) Lie superalgebra can be constructed as the folding of the gl(M |2N) algebra
[17, 18]. Recall that the gl(M |2N) superalgebra has Poisson brackets
{eab, ecd} = δbc ead − (−1)
([a]+[b])([c]+[d]) δad ecb , 1 ≤ a, b, c, d ≤M + 2N (4.1)
and grading
[a] =
{
0 for 1 ≤ a ≤M
1 for M < a ≤M + 2N
(4.2)
The superalgebra admits a morphism ϕ , defined as
ϕ :
{
gl(M |2N) → gl(M |2N)
eab → −(−1)
[a]([b]+1) θaθb eb¯a¯ ,
(4.3)
where
θa = 1 a¯ =M + 1− a 1 ≤ a ≤M ;
θa = sg
(
M +N +
1
2
− a) a¯ = 2M + 2N + 1− a M + 1 ≤ a ≤M + 2N .
(4.4)
ϕ is a Poisson algebra morphism, viz. ϕ
(
{A,B}
)
=
{
ϕ(A), ϕ(B)
}
. Note the property [a] = [a¯]
and (−1)[a]θaθa¯ = 1, for all a, which shows that ϕ is an involution, ϕ
2 = id. Then the gl(M |2N)
superalgebra can be decomposed as a sum of the two ϕ-eigenspaces. The osp(M |2n) algebra can
be viewed as the ϕ-eigenspace corresponding to the eigenvalue +1. Explicitly, the generators
are constructed as
sab = eab − (−1)
[a]([b]+1) θaθb eb¯a¯ = −(−1)
[a]([b]+1) θaθb sb¯a¯ , (4.5)
leading to the Poisson brackets
{sab, scd} = δbc sad − (−1)
([a]+[b])([c]+[d]) δad scb
+(−1)([a]+[b])([c]+1) θaθb δdb¯ sca¯ − (−1)
[a]([b]+1) θaθb δac¯ sb¯d . (4.6)
For our purpose, we specialize the notation to two particular cases, that we now describe in
detail.
4.1 The W (osp(N |2), sp(2)) superalgebras.
As bosonic generators, one can choose fij = eij − e¯ı¯, 1 ≤ i, j ≤ N , with ı¯ = N + 1 − i,
together with e+ = eN+1,N+2, e− = eN+2,N+1, e0 = eN+1,N+1 − eN+2,N+2. The generators fij
form an so(N) algebra while eµ, µ = 0,± generate an sp(2) algebra. The Poisson brackets read
{fij , fkl} = δkj fil − δil fkj + δl¯ fkı¯ − δik¯ f¯l with f¯ı¯ = −fij ;
{e0, e±} = ±2 e± , {e+, e−} = e0 ; (4.7)
{fij , eµ} = 0, 1 ≤ i, j ≤ N , µ = 0,± .
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The fermionic generators are q+i = ei,N+2 + eN+1,ı¯ and q
−
i = ei,N+1 − eN+2,ı¯, with Poisson
brackets
{fij, q
±
k } = δkj q
±
i − δı¯k q
±
¯ , {e0, q
±
k } = ± q
±
k ,
{e±, q
±
k } = 0 , {e±, q
∓
k } = −q
±
k ,
{q±i , q
±
j } = ±2 δi¯ e± , {q
+
i , q
−
j } = δi¯ e0 − f¯,i .
(4.8)
Note that in this case all θ’s are 1, except θN+2 = −1. We impose the constraints
q−i = 0 ; e− = 1 ; e0 = 0 ; (4.9)
leading to a matrix
∆ =

−2VN oN oN(oN )t 0 2
(oN )
t −2 0

 with VN =


0 . . . 0 1
... 0
0 1
...
1 0 . . . 0

 . (4.10)
The Dirac brackets associated to these constraints define the W (osp(N |2), sp(2)) super-algebra.
It has generators
fij = fij ; z = e+ = eN+1,N+2 ; qi = q
+
i = ei,N+2 + eN+1,ı¯ , (4.11)
with Poisson brackets:
{fij , fkl}∗ = δkj fil − δil fkj + δl¯ fkı¯ − δik¯ f¯l with f¯ı¯ = −fij ;
{fij , qk}∗ = δkj qi − δı¯k q¯ ;
{z, qi}∗ =
1
2
N∑
k=1
fik qk ; {z, fij}∗ = 0 ;
{qi, qj}∗ = 2 δi,¯ z−
1
2
N∑
k=1
fikfk¯ .
(4.12)
Similarly to the gl(N |2) case, the generator
γ2 = z−
1
8
〈f2〉 = z−
1
8
N∑
k,j=1
fjkfkj (4.13)
is central, and we use it to eliminate z. It leads to the final form for the Poisson brackets of the
W -superalgebra:
{fij , fkl}∗ = δkj fil − δil fkj + δl¯ fkı¯ − δik¯ f¯l with f¯ı¯ = −fij ;
{fij , qk}∗ = δkj qi − δı¯k q¯ ;
{qi, qj}∗ = 2 δi,¯
(
γ2 +
1
8
〈f2〉
)
−
1
2
N∑
k=1
fikfk¯ .
(4.14)
We perform quantization through symmetrization. In the quantization of the algebra (4.12),
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two terms have to be symmetrized:
∑N
k=1 fikfk¯ and
∑N
k=1 fik qk. We obtain
[fij , fkl] = δkj fil − δil fkj + δl¯ fkı¯ − δik¯ f¯l with f¯ı¯ = −fij ;
[fij , qk] = δkj qi − δı¯k q¯ ;
[qi, qj ]+ = 2 δi,¯ z−
1
2
N∑
k=1
fikfk¯ +
N − 2
4
fi¯ ;
[z, qj ] =
1
2
N∑
k=1
fjk qk −
N − 2
4
qj .
(4.15)
One can check that c2 = z−
1
8 〈f
2〉 is still central, and we can use it to eliminate z at the quantum
level. Of course, the resulting algebra is the same as the quantization through symmetrization
of (4.14).
The superalgebra contains as bosonic part, an so(N) algebra, and an N -vector of fermions
qi , that close quadratically on the orthogonal subalgebra. It should be interesting to look at a
non-compact version of the case N = 6, corresponding to the conformal so(4, 2) algebra.
4.2 The W (osp(3|2N), so(3)) superalgebras.
The bosonic generators now are e+ = e12 − e23, e
− = e21 − e32, e
0 = e11 − e33 which form
an so(3) subalgebra, together with fij = ei+3,j+3 − θiθj e3+¯,3+ı¯ (with ı¯ = 2n + 1 − i) which
generate sp(2N) , and where we have redefined
θj =
{
+1 , 1 ≤ j ≤ N
−1 , N + 1 ≤ j ≤ 2n .
Then the Poisson brackets read
{fij, fkl} = δkj fil − δil fkj + θiθj
(
δl¯ fkı¯ − δik¯ f¯l
)
with f¯ı¯ = −θiθj fij ;
{e0, e±} = ± e± ; {e+, e−} = e0 ; (4.16)
{fij , eµ} = 0, 1 ≤ i, j ≤ N , µ = 0,± .
The fermionic generators take now the form q+i = e1,i+3 − θi e3+ı¯,3, q
0
i = e2,i+3 − θi e3+ı¯,2 and
q−i = e3,i+3 − θi e3+ı¯,1, with Poisson brackets
{fij , q
µ
k} = θiθj
(
− δik q
µ
j + δ¯k q
µ
ı¯
)
{e0, q
µ
k} = µ q
µ
k µ = 0,± ;
{e±, q
±
k } = 0 ; {e±, q
∓
k } = ∓ q
0
k ; {e±, q
0
k} = ± q
±
k ;
{q±i , q
±
j } = 0 ; {q
0
i , q
0
j } = −θi fı¯j ;
{q+i , q
−
j } = θi
(
δi¯ e0 − fı¯j
)
; {q0i , q
±
j } = θi δi¯ e± .
(4.17)
We impose the constraints e− = 1 and e0 = 0, leading the the Dirac brackets
{fij , fkl}∗ = δkj fil − δil fkj + θiθj
(
δl¯ fkı¯ − δik¯ f¯l
)
with f¯ı¯ = −θiθj fij ;
{fij , e+}∗ = 0, 1 ≤ i, j ≤ 2n ;
(4.18)
{fij , q
µ
k}∗ = θiθj
(
δ¯k q
µ
ı¯ − δik q
µ
j
)
µ = 0,± ;
{e+, q
+
k }∗ = e
+ q0k , {e+, q
0
k}∗ = q
+
k − e
+ q−k , {e+, q
−
k }∗ = −q
0
k ;
(4.19)
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{q+i , q
+
j }∗ = q
+
i q
0
j − q
0
i q
+
j , {q
+
i , q
0
j}∗ = −q
+
i q
−
j + θj δı¯j e+ ,
{q+i , q
−
j }∗ = q
0
i q
−
j − θi fı¯j , {q
0
i , q
−
j }∗ = −q
−
i q
−
j − θj δi¯ ,
{q0i , q
0
j}∗ = θi f¯i , {q
−
i , q
−
j }∗ = 0 .
(4.20)
The superalgebra is quadratic in fermions, and thus is a variant on the standard construction
from W (gl(N+2|2), gl(2)) in section 3 above. Moreover, it contains an undeformed osp(1|2N)
singleton superalgebra (generated by q0i and fij) , and so in real forms is a candidate for higher
dimensional quadratic conformal spacetime supersymmetry. We leave the quantization step to
be completed by (anti)symmetrization, as in the cases already examined above.
5 Conclusion
In this paper we have provided explicit constructions for a class of candidate quadratic space-
time supersymmetries as W -superalgebras, via systematic application of Hamiltonian reduction
to certain simple Lie superalgebras.
In particular we recover as W (gl(N +2|2), gl(2)), the two-parameter family of quadratic
superalgebras analysed in [6] there denoted gl2(N/1)
α,c (see also [19, 20]). These were first
obtained from a first principles construction, and their consistency as algebras of PBW type
established via the formal theory of abstract quadratic algebras [5]. For the N = 4 real form with
even part u(2, 2) ∼= so(4, 2) + u(1), a Kac module-type construction led to the observation that
for certain parameter choices, there are ‘zero step’ unitary irreducible representations which
comprise a single module of the even subalgebra, namely, a multiplet corresponding to one
of the standard physical massless conformal fields of spin 0, 12 or 1, with the odd generators
being identically zero (the standard conformal supersymmetry Lie superalgebra is a contraction
limit of gl2(N/1)
α,c). This scenario of ‘ultra-short supermultiplets’ can thus be likened to an
extreme form of unbroken supersymmetry, where a (degenerate) ground state is annihilated by
the supercharges, but with no other (paired) states present in the spectrum. This scenario has
potential implications for phenomenology in the context of particle symmetries, and the absence
of super-partners.
With the identification of this and other potential candidate quadratic spacetime super-
symmetry algebras as W -superalgebras, which have been intensively studied in recent years,
formal tools from that work are available for their investigation. These include direct results
on Casimir operators (as discussed above), and also methods for constructing representations,
and providing a more general theory for the existence of special ‘zero step’, no-superpartner
cases. On this point, the tuning of the parameters identifying which of the family of quadratic
superalgebras, admit the existence of such ‘hyper-atypical’ representations [6], can be seen in-
stead, in the context of the W construction, as the selection of representations of the primary
superalgebra (which is to undergo Hamiltonian reduction), which have fixed values of the lowest
Casimir invariants.
In this work we have also used the Hamiltonian reduction formlism to construct new finite
quadraticW -superalgebras, beyond the above superconformal case, which are equally candidates
for quadratic spacetime superalgebras. If appropriate real forms exist, their unitary representa-
tions may supply a tool kit of interesting variants on (quadratic) ‘extended supersymmetries’.
This applies to the W -superalgebras derived from osp(M |2N) reductions in section 4 above,
which include a case with 6 dimensional orthogonal (conformal) group as bosonic symmety
graded by vectorial supergenerators (see also [11]), as well as a case with sp(2N) singleton
bosonic symmetry, accompanied by triplet of spinorial supergenerators (whose bracket relations
are no longer pure anticommutators), but with an undeformed osp(1|2N) subalgebra. A sub-
sequent issue is to establish a relation with (super)Yangian truncations, as has been done for
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certain classes of finite W -algebras and superalgebras [12, 13, 21].
The existence of field theoretical realizations of the quadratic supersymmetries as discussed
here, perhaps as supersymmetric systems with constraints, is of course an open question. While
infinite dimensional W -algebras arise as spectrum generating algebras in certain lattice models
[22], and as higher spin current algebras in conformal field theories, there exists no concrete
field theoretical construction ofW -algebras beyond dimension 1 or 2. It is to be hoped however,
that the rich theoretical understandings of W -superalgebras and Yangian superalgebras, which
can be brought to bear on quadratic spacetime supersymmetries with their transcription into
this formalism, will be able to inform further progress on these questions.
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